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Abstract
We present a new form of Quantum Electrodynamics where the photons are composites
made out of zero-dimensional scalar \primitives". The ro^le of the local gauge sym-
metry is taken over by an innite-dimensional global Noether symmetry { the group
of volume-preserving (symplectic) dieomorphisms of the target space of the scalar
primitives. Similar construction is carried out for higher antisymmetric tensor gauge
theories. Solutions of Maxwell's equations are automatically solutions of the new sys-
tem. However, the latter possesses additional non-Maxwell solutions which display
some interesting new eects: (a) a magneto-hydrodynamical analogy, (b) absence of
electromagnetic self-energy for electron plane wave solutions, and (c) gauge invariant
photon mass generation, where the generated mass is arbitrary.
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1. Introduction
Systems with innite number of conservation laws have been extensively studied, because
their high symmetry allows to extract non-perturbative information and in some instances,
e.g. for the completely integrable two-dimensional eld-theoretic models, even to solve them
exactly [1]. It is however hard to nd a realistic eld theory in D = 4 space-time dimensions,
that allows innite number of nontrivial conserved charges.
In this work, we will study a theory which allows an innite number of conservation laws
and which is at the same time a theory resembling very much the most respectable and most
tested eld theory that we know up to date { Quantum Electrodynamics (QED). This is
achieved through the substitution of the ordinary local gauge symmetry of QED (which does
not lead to conservation laws, but rather to constraints on the physical degrees of freedom)
by a global innite-dimensional Noether symmetry group { the group of volume-preserving
(symplectic) dieomorphisms (see, e.g. [2]). An innite-dimensional abelian group, corre-
sponding to the Cartan subalgebra of the group of volume-preserving dieomorphisms, has
already been identied as a symmetry of a variant of the model studied here by one of us
[3].
The above mentioned Noether symmetry group acts as a group of transformations on a
set of primitive dimensionless scalar elds taking values in some smooth manifold (\target"
space) and preserves the volume form there. The gauge potential and the gauge eld strength
(the photons) in such a theory are not fundamental elds, but rather they are composites of
these primitive scalar constituents. Under a volume-preserving dieomorphism transforma-
tion, the composite gauge eld is transformed by the addition of a total gradient while the
composite eld strength is, of course, a volume-preserving-dieomorphism-invariant quan-
tity. It is possible to couple the composite gauge eld to matter elds in the well known
minimal way so that the gradient, that is added to the gauge eld under a volume-preserving
transformation on the scalar constituents, is canceled by an appropriate phase transforma-
tion of the matter elds. If these matter elds are taken to be Dirac fermion elds, we obtain
a \mini-QED" model that resembles very much the usual QED describing the interaction
of electromagnetic eld with Dirac particles. Furthermore, if the number of the primitive
scalars is greater or equal to D (dimension of space-time), any solution of the usual Maxwell's
equations can be expressed (in a non-unique way, in general) through the primitive scalars
and it is automatically a solution of mini-QED equations of motion.
However the mini-QED model does not coincide completely with QED, since it possesses
solutions that do not respect Maxwell's equations. These additional solutions describe new
eects that do not appear in the usual formulation of electrodynamics. Among these new
features we can notice at least the following: (a) a magneto-hydrodynamical analogy, (b)
absence of electromagnetic self-energy for electron plane wave solutions, and (c) generation
of gauge invariant photon mass. In addition, as it was already observed in a particular
variant of the mini-QED model [3], the idea of substituting local gauge invariance with a
global innite-dimensional symmetry group can be applied to the construction of models
with chiral invariance which are totally anomaly free (provided the number primitive scalars
is smaller than the dimension of space-time).
The above construction is carried out here also for higher antisymmetric tensor (\p-
form") gauge theories (see, e.g. [4]), for instance { the Kalb-Ramond \2-form" gauge model
1
[5], where the ordinary local \p-form" tensor gauge invariance is substituted with the global
innite-dimensional Noether symmetry of volume-preserving dieomorphisms on the p+ 1-
dimensional target space of primitive scalar constituents. Here again, in general, all solutions
of the ordinary tensor gauge theories are automatically solutions (as composites made out
of the primitive scalar constituents) to the \mini-tensor-gauge" theories, however, the latter
possess additional solutions absent from the usual p-form gauge models.
2. Groups of Volume-Preserving Dieomorphisms
First, let us recall the basic notions connected with groups of symplectic dieomorphisms and
more generally { the groups of volume-preserving dieomorphisms on smooth manifolds (see,
e.g. [2]). Let T
2n
be a (2n-dimensional) symplectic manifold with a symplectic structure
which can always (at least locally) be represented in terms of a canonical constant anti-
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denote the corresponding (local) coordinates on T
2n
. Then the innite-
dimensional group SDiff (T
2n
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indicating the inverse matrix w.r.t. !
ab
(1).






= 1, and SDiff (T
2
) is precisely the algebra
of area-preserving dieomorphisms on a two-dimensional manifold T
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is a cylinder (for a review, see [6] and references therein), which contains








































) allows for a non-trivial



























) denotes the pair of \central charges".
It is well known that the group SDiff (T
2n





of volume-preserving dieomorphisms on the manifold T
2n









































Indeed, it is straightforward to verify that G
a
























































































Minkowski space-time taking values in the symplectic manifold T
2n
. Then, the canonical
symplectic closed two-form 
 on T
2n
naturally leads to the construction of an antisymmetric
tensor eld F

((x)) on space-time satisfying the Bianchi identity and, therefore, allowing








































































Clearly, in eq.(12) A

() is determined up to a -dependent total derivative.
From the basic denitions (2) and (3) one immediately nds that the eld F

() is





longing to the innite-dimensional group SDiff (T
2n
), whereas its potential transforms with
a -dependent total derivative:
F




















Eqs.(11){(13) naturally suggest the interpretation of F

() as an electromagnetic eld
strength and A

() as the corresponding vector potential which are now composite elds
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made out of more elementary \primitive" zero-dimensional scalar elds 
a
(x). Accordingly,
the ro^le of the ordinary local gauge invariance is now taken over by the innite-dimensional
SDiff (T
2n
) global Noether symmetry (2).
Thus, we can consider the following model of scalar \primitives" 
a
(x) coupled to ordi-















() are given by (11) and (12), respectively, i.e., the Lagrangian
(14) describes QED with special type of composite \photons". Let us stress that, although
containing fourth power of derivatives on 
a
, the Lagrangian (14) is only second order w.r.t.
time-derivatives.
The model (14), called \mini-QED", appeared previously in ref.[3] from a somewhat
dierent motivation. Unlike ordinary QED, however, we now observe that the mini-QED
model (14) does not possess local gauge invariance but rather it is invariant under innite-







































The above construction can be straightforwardly generalized for the higher \p-form"
antisymmetric tensor gauge theories [4]. Namely, consider again a set of s( p + 1) zero-





taking values in a smooth manifold T
s
. The pull-back of
its canonical volume s( p+1)-form to Minkowski space-time gives rise to an antisymmetric































































































As in eq.(13), one readily veries that the eld strength (18) is invariant under arbitrary









) (6), whereas its potential (19) undergoes a -dependent s 2-









































































The group parameters 
~n
(cf. eq.(4)) are constant space-time independent ones.
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Now, similarly to mini-QED model (14) we can construct a \mini-Kalb-Ramond" model




































() . Again as in
(14), the Lagrangian (22) being of sixth order w.r.t. 
a
-derivatives is only quadratic w.r.t.
time-derivatives.
4. Equations of Motion and Symmetries
First, let us consider even-dimensional space-time theories. As already pointed out in [3],
in the case when the dimension of -target space is equal to, or greater than, the space-
time dimension, i.e., dim (T
2n
)  2n  D, any vector potential can be represented (in a
non-unique way) in the form (12). This is not any more true when dim (T
2n
)  D   2 ,

















(), and even the associated































































= 0 ( for 2n  D   2 ) (23)
Here again the square brackets indicate total antisymmetrization of indices. Thus, as empha-
sized in [3], mini-QED with a target space of the scalar \primitives" satisfying the condition
dim (T
2n
)  D   2 does not exhibit the usual axial anomalies.
Similar phenomena occur in odd space-time dimensions D. Namely, when dim (T
2n
) 
D + 1 any vector potential can be represented (in a non-unique way) in the form (12),
whereas when dim (T
2n
)  D   1 the topological Chern-Simons term is identically zero.




















(i6@   6A () m) = 0 (25)
The innite set of Noether currents corresponding to the SDiff (T
2n




























[f ] = J

[ff ;   g] (27)





an innitesimal symplecto-dieomorphic transformation (15){(16). In the particular case of


































The rst thing one notices in eqs.(24){(25) is that the -equations of motion dier from
the usual Maxwell equations (with a \composite" vector potential) just by the contraction




k . This observation together with eq.(23) lead
us to the following:
Main statement (even D). The -equations of motion (24) coincide with the Maxwell




k  D (cf. eq.(23)). This implies that both the topological
Chern-Simons current as well as its divergence (the topological density) are non-zero. Alter-
natively, the -equations of motion (24) possess non-Maxwell solutions if either the topolog-




k  D  2 (cf.
eq.(23)).
Completely analogous statement holds for odd space-time dimensions D upon substituting
D ! D + 1 above.
Therefore, in the sequel we shall be interested in the second case, i.e., the case with zero
topological Chern-Simons current, which implies the existence of a non-Maxwell sector of
mini-QED (14). In particular, when dim (T
2n
)  2n  D  2 mini-QED is generically non-
Maxwell. It can be viewed as a truncation of a model proposed in [8] describing ordinary
Maxwell D = 4 QED coupled to a pseudo-scalar \pion" eld  :



















where L() contains the kinetic and self-interacting terms for the \pion". Ignoring in (29)
the purely \pionic" Lagrangian, e.g., considering the heavy mass limit for , we see that
the eld  becomes a non-dynamical Lagrange multiplier enforcing the constraint for zero
topological density. Thus, mini-QED is a particular realization of the heavy mass limit of the
model (29) with the additional condition for a vanishing topological Chern-Simons current.
5. Physical Consequences: New Eects
For deniteness, from now on we shall consider mini-QED (14) in ordinary D = 4 space-time
and with a two-dimensional -target space.
5.1 Magneto-Hydrodynamical Analogy
The existence of non-Maxwell solutions to (24) means that there exists a non-zero additional
current J

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J () = 0 (33)
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B () = 0

















B () = 0 (34)




() can be viewed as a -dependent velocity eld. For such velocity,




B () = 0 guarantees that there
is always a frame where either the electric eld is zero (as in usual magnetohydrodynamics)
or where the magnetic eld is zero (\dual magnetohydrodynamics").
5.2 Electromagnetic Vacuum in Mini-QED






) = 0 (35)
The general solution to (35) can be taken in the form: 
1
vac




{ arbitrary local function of u. Then eqs.(25){(24) become (after an appropriate phase















u = 0 (37)
The last equation means that 
a
vac







(x( )) = 0 . Thus, one gets usual plain-wave solutions without the self-energy
problem of ordinary QED (where one would get that the current must vanish simultaneously).
5.3 Gauge-Invariant Photon Mass Generation
Let us now show that mini-QED built out of two primitive scalars allows propagation of
massive gauge-invariant modes in 2 + 1 and in 3 + 1 dimensions.
First, let us consider the 2 + 1-dimensional case. The basic observation is that the
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() = 0, also non-Maxwell solu-







































































where the last equality follows from antisymmetrization of three indices taking only two
values.
























() = 0. In the case where  () =
 = const , eq.(39) coincides with the equation of the topologically massive Chern-Simons
theory (see [10, 11] and references therein). However, the solution (39) to mini-QED eqs.(38)
exhibits an interesting new feature, namely that here the mass is not determined, i.e., it could
have any value.
The solutions of eq.(39) for the case  () =  = const are known [11]. As it has been










can be expressed in terms of
a massive free eld ' satisfying (+
2



























where the dot indicates @
0
-derivative and i; j = 1; 2 .





























. For this purpose,
let us consider E
i
and B (42) given in terms of ' which is a simple plane wave of the form

































































Let us consider the rest frame, that is the limit k
i



















; B = 0 (44)
We see that when k
i




does not disappear from the expression for




can be arbitrarily chosen in










y-direction. Therefore, the electric eld described by eq.(44) is a rotating one in the x   y




along a dierent space direction is equivalent to a time shift
in eq.(44).




that reproduces the conguration (44) is:

1
























































= 0, i.e., it is such that in the rest frame s

=
(0; ~s). Thus, eqs.(46) provide a solution to the sourceless mini-QED equations of motion
(38) describing gauge invariant massive photons with an arbitrary mass.
The 2 + 1-dimensional non-Maxwell mini-QED solution given above can be easily em-
bedded in the 3 + 1-dimensional mini-QED given by (38). In this case we have to select
arbitrarily one space dimension which we do not want to appear in the solution, let us say













where there is no dependence of any eld on z .
The physical consequences of a continuous mass spectrum, similar to the one found here,
have been discussed in ref.[12].
6. Open Problems and Outlook; Mini-QED as an Induced Massive
Gravity
The next most important question is quantization of the mini-QEDmodel (14). Applying
formally the general arguments of renormalization theory [13], namely that the possible
counterterms canceling the ultra-violet divergences must be local, covariant functionals of
the constituent elds of dimension D = 4 and preserving the global Noether SDiff (T
2n
)
symmetry, one easily deduces that these counterterms will be exactly the same as in ordinary
QED, i.e., the renormalized mini-QED Lagrangian will be of the same form as (14) with the
usual charge-, mass- and multiplicative eld renormalizations.
The problem with (14) is, however, that the kinetic term for the scalar \primitives" 
a
is
of a non-standard quartic form which does not allow to develop the usual Feynman diagram
expansion. Moreover, if we would add to (14) an ordinary kinetic term for 
a
, the latter
would break the SDiff (T
2n
) symmetry. Obviously, we have to rewrite (14) in an equivalent
form with the help of auxiliary elds which would bilinearize the 
a
-part of the Lagrangian
| much in the same way one deals with models having four-fermion interaction terms.


















































is the at Minkowski space-time metric tensor. Taking into account (49), the





























































































can be viewed as composite gravita-
tional eld (cf. (51)) coupled to the scalar primitives 
a
and being massive (cf. the second
term in (50)) with a mass proportional to the square of the electric charge. Integrating out
the 
a
-elds will produce (upon neglecting the fermions) the standard quantum eective









. Thus, we nd an intriguing equivalence of
the mini-QED model (14) with a theory of purely induced and massive gravity (50) which,







) the eld h

in (50) has dimension 2 (cf. (51)) and, therefore,
the usual divergent non-renormalizable semi-classical expansion of ordinary gravity interact-
ing with matter elds around at background metric is not appropriate for mini-QED in the
form (50). Obviously, a bilinearization of mini-QED (14) dierent from (50) is needed for
its proper quantization { a question, which is currently under investigation.
Another possible venue is to exploit the Ward identities for the innite-dimensional global
Noether SDiff (T
2n
) symmetry [15] to obtain non-perturbative information for the quantum
correlation functions of mini-QED. In particular, an interesting important question arises
about possible quantum deformation of the classical Noether SDiff (T
2n
) symmetry, e.g.,
the area-preserving-dieomorphisms' SDiff (T
2
) symmetry might acquire central extension
(5) and/or be deformed into (centrally extended) W
1+1
-symmetry, as it happens in D = 2
conformal eld theory (cf., e.g. [6]).
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